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Abstract
Two theorems are proved in this paper. Firstly, it is proved that there exists a decomposition of the
complete graph of order n into t edge-disjoint 2-regular subgraphs of orders m1,m2, . . . , mt if and
only if n is odd, 3min for i= 1, 2, . . . , t , andm1+m2+ . . .+mt =
(n
2
)
. Secondly, it is proved
that if there exists partial decomposition of the complete graph Kn of order n into t cycles of lengths
m1,m2, . . . , mt , then there exists an equitable partial decomposition of Kn into t cycles of lengths
m1,m2, . . . , mt . A decomposition into cycles is equitable if for any two vertices u and v, the number
of cycles containing u and the number of cycles containing v differ by at most 1.
© 2004 Elsevier Inc. All rights reserved.
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Adecompositionof a graphG is a pair (V ,H ), whereV is the vertex set ofG andH is a set
of subgraphs ofGwhose edge sets partition the edge set ofG.A long-standing open problem
in graph decompositions is the cycle decomposition problem posed byAlspach [2].When n
is odd, the cycle decomposition problem asks for a decomposition ofKn, the complete graph
of order n, into t cycles of lengthsm1,m2, . . . , mt whenever 3min for i = 1, 2, . . . , t ,
andm1+m2+ · · ·+mt =
(
n
2
)
. When n is even, it asks for a decomposition ofKn− I , the
complete graph of order n with the edges of a perfect matching removed, into t cycles of
lengthsm1,m2, . . . , mt whenever 3min for i = 1, 2, . . . , t , andm1+m2+ . . .+mt =(
n
2
)− n2 .
Numerous partial results on this problem have been proved, but the problem remains
unsolved in general. Balister has recently proved that if the cycle lengthsmi are bounded by
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a linear function of n, and n is sufﬁciently large, then the cycle decomposition problem has a
solution [6]. Also recently,Alspach, Gavlas and Šajna have settled the cycle decomposition
problem in the case where the cycle lengths are all the same, see [3,12,13]. Other examples
of partial results on the problem can be found in [1,4,8,9,10].
The following result of Balister [7] provides a complete solution to an analogous problem
where the requirement that the subgraphs are cycles is removed, and instead we ask only
for a decomposition into connected even subgraphs. A graph is said to be even if all of its
vertices have even degree.
Theorem 1 (Balister [7]). LetL = (n2
)
if n is odd, let (n2
)− n2−2L
(
n
2
)− n2 if n is even,
and letm1+m2+· · ·+mt = Lwithm1,m2, · · · ,mt3.Then there exists a decomposition
of some subgraph of Kn into t connected even subgraphs of sizes m1,m2, · · · ,mt .
In this paper we show that for n odd, one can begin with a decomposition ofKn given by
the above theoremwithmin for i = 1, 2, . . . , t , and, by rearranging the subgraphswithout
changing their sizes, construct from it a decomposition ofKn into 2-regular subgraphs. Thus
the following theorem will be proved.
Theorem 2. There exists a decomposition of Kn into t 2-regular subgraphs of orders
m1,m2, . . . , mt if and only if n is odd, 3min for i = 1, 2, . . . , t , and m1 + m2 +
. . .+mt =
(
n
2
)
.
This result takes us a step closer to a solution of the cycle decomposition problem, as the
subgraphs are 2-regular, rather than just even. If one could ensure that the subgraphs remain
connected, a solution to the cycle decomposition problem would result. Unfortunately,
there is no apparent way to guarantee that disconnection of subgraphs does not occur, or
that reconnection of subgraphs does occur.
The second theorem proved in this paper concerns equitable partial decompositions into
cycles. A partial decomposition (V ,H ) of Kn is a decomposition of some subgraph G of
Kn, and is said to be equitable if the degrees of any two vertices in G differ by at most
two. Thus, in an equitable partial decomposition of Kn into cycles, for any two vertices u
and v, the number of cycles containing u and the number of cycles containing v differ by at
most 1. This is not necessarily true for equitable partial decompositions into arbitrary even
subgraphs.
Necessary and sufﬁcient conditions for the existence of an equitable partial decomposition
of Kn into t cycles of length 3 were proved by Andersen et al. [5], and used to construct
embeddings of partial Steiner triple systems. Corresponding results for cycles of length 4,
and for cycles of length 5, were proved by Raines and Szaniszló [11]. We are unable to
completely settle the existence problem for equitable partial decompositions into cycles, as
to do so would involve solving the cycle decomposition problem. However, we are able to
prove the following theorem which reduces the question of equitability to one of existence.
Theorem 3. If there exists a partial decomposition of Kn into t cycles of lengths
m1,m2, · · · ,mt , then there exists an equitable partial decomposition of Kn into t cycles of
lengths m1,m2, · · · ,mt .
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Before we prove a lemma from which Theorems 2 and 3 will follow as relatively easy
corollaries, we note some standard notation that will be used. For a graph G, let V (G) and
E(G) denote the vertex set and edge set of G, respectively, let (G) = |E(G)| denote the
size ofG and let k(G) denote the number of components ofG. The degree of a vertex x inG
is denoted by degG(x). Let NG(x) = {y ∈ V (G) | {x, y} ∈ E(G)}, that is, NG(x) denotes
the neighbourhood of x in G.
Lemma 4. LetH = {H1, H2, . . . , Ht } and let (V ,H ) be a partial decomposition of Kn
with Hi even for i = 1, 2, . . . , t . Then there exists an equitable partial decomposition
(V ,H ′) of Kn where H ′ = {H ′1, H ′2, . . . , H ′t } and for i = 1, 2, . . . , t , H ′i is even and
(H ′i ) = (Hi). Moreover, if Hi is 2-regular, then H ′i is 2-regular and k(H ′i )k(Hi).
Proof. If (V ,H ) is equitable thenwe can letH ′ = H . So suppose (V ,H ) is not equitable
and let G be the graph with vertex set V and edge set E(G) deﬁned by {x, y} ∈ E(G) if
and only if {x, y} ∈ E(Hi) for some Hi ∈ H . Since (V ,H ) is not equitable there exist
, ∈ V with degG() > degG() + 2. Let I = NG() × NG() and deﬁne an edge-
coloured multigraph M with vertex set V ∪ I as follows:
(1) For each 2-regular subgraph Hi which contains  but not , put a green edge {x1, x2}
in M where {x1, x2} = NHi ().
(2) For each 2-regular subgraph Hi which contains  but not , put a red edge {y1, y2} in
M where {y1, y2} = NHi ().
(3) For each 2-regular subgraph Hi in which  and  occur but are not adjacent, let
{x1, x2} = NHi () and {y1, y2} = NHi () where if  and  are in the same cycle
ofHi then the cycle is (, x1, . . . , y1, y2, . . . , x2). Put green edges {x1, (x1, y1)} and
{x2, (x2, y2)} in M, and put red edges {y1, (x1, y1)} and {y2, (x2, y2)} in M.
(4) For each 2-regular subgraphHi in which  and  are adjacent, let {x1,} = NHi (), let
{y1, } = NHi (), put a green edge {x1, (x1, y1)} inM, and put a red edge {y1, (x1, y1)}
in M.
(5) For each subgraph Hi which is not 2-regular, let {x1, x2, . . . , xr} = NHi () \ {}
and let {y1, y2, . . . , ys} = NHi () \ {}. For j = 1, 2, . . . ,min(r, s) put a green
edge {xj , (xj , yj )} in M and a red edge {yj , (xj , yj )} in M. If r > s, then for j =
s + 1, s + 3, . . . , r − 1 put green edges {xj , xj+1} in M, and if s > r , then for
j = r + 1, r + 3, . . . , s − 1 put red edges {xj , xj+1} inM (note that since Hi is even,
r − s is even).
By the construction of M, each x ∈ V (M) is incident in M with either one or zero red
edges and with either one or zero green edges. More precisely, the vertices of V that are
incident inM with a green edge are exactly those in NG() \ {}, the vertices of V that are
incident in M with a red edge are exactly those in NG() \ {}, each x ∈ NG() ∩ NG()
is incident in M with both a green edge and a red edge (which may sometimes be parallel
edges), and each x ∈ I is either an isolated vertex or is incident inMwith exactly one green
edge and exactly one red edge (which may sometimes be parallel edges).
Hence the set of green edges and the set of red edges each induce a matching in M,
and since degG() > degG() there are more green edges than red edges in M. It follows
that there is a maximal alternating path P = a1, a2, . . . , ap in M, in which {a1, a2} and
{ap−1, ap} are green and a1, ap ∈ V . Let V (P ) \ I = {b1, b2, . . . , bq} with b1 = a1 and
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bq = ap. Notice that each vertex in {b2, . . . , bq−1} is joined in G to both  and , and that
b1 and bq are joined in G to , but not to . We now modify those Hi in which the edges
{, b1}, {, b2}, . . . , {, bq} and {, b2}, {, b3}, . . . , {, bq−1} occur. For j = 1, 2, . . . , q,
in the subgraphHi in which {, bj } occurs, the edge {, bj } is replaced by the edge {, bj },
and for j = 2, . . . , q − 1, in the subgraph Hi in which {, bj } occurs, the edge {, bj } is
replaced by the edge {, bj }.
For i = 1, 2, . . . , t , letH ∗i be the graph obtained fromHi by the above procedure and letH ∗ = {H ∗1 , H ∗2 , . . . , H ∗t }. It follows immediately that (V ,H ∗) is a partial decomposition
of Kn with (H ∗i ) = (Hi) for i = 1, 2, . . . , t . Also, if G∗ is the graph with vertex set V
and edge set E(G∗) deﬁned by {x, y} ∈ E(G∗) if and only if {x, y} ∈ E(H ∗i ) for some
H ∗i ∈ H ∗, then degG∗(x) = degG(x) for all x ∈ V \ {,}, degG∗() = degG()− 2, and
degG∗() = degG()+ 2. Indeed,G∗ is the graph obtained from G by replacing the edges
{, b1} and {, bq} with {, b1} and {, bq}. We now show that for i = 1, 2, . . . , t , H ∗i is
even, and if Hi is 2-regular then H ∗i is also 2-regular and k(H ∗i )k(Hi).
If {, x} ∈ E(Hi) and {, x} /∈ E(H ∗i ), then x is incident with a green edge {x, y} ∈
E(P ). If y ∈ V , then the two edges {, x} and {, y} are both removed fromHi in forming
H ∗i . If y ∈ I , then there is a red edge {y, z} ∈ E(P ) with z ∈ V and {, z} ∈ E(Hi), and
so the edges {, x}, {, z} are replaced by the edges {, z}, {, x} in forming H ∗i . In both
cases, the parity of degH ∗i () remains unchanged from the parity of degHi (). A similar
argument applies to degH ∗i (). It is also clear that for x ∈ {,} and i = 1, 2, . . . , t ,
degH ∗i (x) = degHi (x). Hence, for i = 1, 2, . . . , t , since Hi is even, so is H ∗i .
IfHi is 2-regular, then it is straightforward to check, by considering each of the possible
modiﬁcationswhichmayoccur toHi in formingH ∗i , thatH ∗i is 2-regular and k(H ∗i )k(Hi)
(any isolated vertices of subgraphs in a decomposition are ignored). These modiﬁcations
are depicted in the following ﬁgures:
 ∈ V (Hi),  ∈ V (Hi), {,} ∈ E(Hi),
{x1, x2} ∈ E(P ), {x1, (x1, y1)}, {y1, (x1, y1)} ∈ E(P ),
, ∈ V (Hi), {,} ∈ E(Hi), , ∈ V (Hi), {,} ∈ E(Hi),
{x1, (x1, y1)}, {(x1, y1), y1} ∈ E(P ), {x1, (x1, y1)}, {(x1, y1), y1} ∈ E(P ),
{x2, (x2, y2)}, {(x2, y2), y2} ∈ E(P ), {x2, (x2, y2)}, {(x2, y2), y2} ∈ E(P ),
, in the same component of Hi , , in the same component of Hi ,
D. Bryant et al. / Journal of Combinatorial Theory, Series B 93 (2005) 67–72 71
, ∈ V (Hi),
{x1, (x1, y1)}, {(x1, y1), y1} ∈ E(P ),
{x2, (x2, y2)}, {(x2, y2), y2} ∈ E(P ),
, in different components of Hi ,
, ∈ V (Hi),
{x1, (x1, y1)}, {(x1, y1), y1}, {x2, (x2, y2)}, {(x2, y2), y2} ∈ E(P ),
, in different components of Hi .
We have shown that (V ,H ∗) is a partial decomposition of Kn such that for i =
1, 2, . . . , t , H ∗i is even, (H ∗i ) = (Hi), and if Hi is 2-regular then H ∗i is 2-regular and
k(H ∗i )k(Hi). Since degG∗(x) = degG(x) for all x ∈ V \{,}, degG∗() = degG()−2,
and degG∗() = degG() + 2, it follows that repeated application of this procedure will
result in the required equitable partial decomposition (V ,H ′) of Kn. 
We now use Lemma 4 to prove Theorems 2 and 3.
Proof of Theorem 2. The conditions are clearly necessary for the existence of such a de-
composition. To prove sufﬁciency, we begin by letting (V ,H ) be a decomposition of Kn
whereH = {H1, H2, . . . , Ht } and for i = 1, 2, . . . , t ,Hi is an even graphwith (Hi) = mi .
Such a decomposition exists by Theorem 1. If each of H1, H2, . . . , Ht is 2-regular, then
(V ,H ) is the required decomposition. So suppose that for some a ∈ {1, 2, . . . , t}, Ha is
not 2-regular. Then (V ,H \ {Ha}) is a partial decomposition of Kn and so by Lemma
4, there exists an equitable partial decomposition (V , {H ′1, H ′2, . . . , H ′a−1, H ′a+1, . . . , H ′t })
of Kn where for i ∈ {1, 2, . . . , t} \ {a}, H ′i is even, (H ′i ) = mi , and if Hi is 2-regular
thenH ′i is 2-regular and k(H ′i )k(Hi). LetH ′a be the graph induced by those edges of the
complete graph with vertex set V which do not occur in any H ′i for i ∈ {1, 2, . . . , t} \ {a}.
Since (V , {H ′1, H ′2, . . . , H ′t } \ {H ′a}) is equitable andman, it follows thatH ′a is 2-regular
with (H ′a) = ma . Let H ′ = {H ′1, H ′2, . . . , H ′t }. It is clear that repeating the above pro-
cedure for each a ∈ {1, 2, . . . , t} for which Ha is not 2-regular will produce the required
decomposition. 
Proof of Theorem 3. Let (V ,D ) be a partial decomposition of Kn into t cycles with
D = {D1,D2, . . . , Dt } and (Di) = mi for i = 1, 2, . . . , t . By Lemma 4, there exists
72 D. Bryant et al. / Journal of Combinatorial Theory, Series B 93 (2005) 67–72
an equitable partial decomposition (V ,D ′) of Kn where D ′ = {D′1,D′2, . . . , D′t }, and for
i = 1, 2, . . . , t , D′i is 2-regular, (D′i ) = mi and k(D′i )k(Di). Since each Di is a cycle,
k(Di) = 1 and so (V ,D ′) is an equitable partial decomposition of Kn into t cycles of
lengths m1,m2, . . . , mt . 
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